We prove that there exists ε * > 0 such that, for any ε ∈ ]0, ε * [, (P ε ) has at least 2P 1 (Ω) − 1 solutions, possibly counted with their multiplicities, where P t (Ω) is the Poincaré polynomial of Ω. Using Morse techniques, we furnish an interpretation of the multiplicity of a solution, in terms of positive distinct solutions of a quasilinear equation on Ω, approximating (P ε ).
Let us consider the quasilinear problem
where Ω is a bounded domain in R N with smooth boundary,
p < p * , p * = Np/(N − p), ε > 0 is a parameter. We prove that there exists ε * > 0 such that, for any ε ∈ ]0, ε * [,
Introduction
Let us consider the quasilinear elliptic problem where Ω is a bounded domain in R N with smooth boundary, N > p, 2 p < p * , p * = Np/(N − p), ε > 0 is a parameter. Here f : R → R is a C 1,1 function with f (0) = 0, having a subcritical growth at infinity.
For p = 2, Benci and Cerami proved in [3] , that if f (0) = 0, the number of solutions of the corresponding semilinear elliptic problem is related to the topological properties of the domain for ε > 0 small enough. Precisely by means of Morse techniques, they showed that the number of positive solutions of problem (P ε ), counted with their multiplicities, is at least 2P 1 (Ω) − 1, where P t (Ω) denotes the Poincaré polynomial of Ω (see Definition 2.3).
As showed in [3] , the application of the Morse theory yields better results than the application of Ljusternik-Schnirelman theory for topologically rich domain. For example if Ω is obtained by an open contractible domain cutting off k holes, the number of solutions of (P ε ) is affected by k, even if the category of Ω is 2.
If p = 2, the notion of multiplicity of a solution is quite understood. The multiplicity is exactly one, if the solution is nondegenerate in the classical sense given in a Hilbert space.
In [22] Marino and Prodi proved that the nondegeneracy condition is generally verified, showing that each isolated critical point can be resolved in a finite number of nondegenerate critical points of a C 1 locally approximating functional. However this functional could not be, in general, the Euler functional of some differential equation.
In this work we aim to obtain a multiplicity result of positive solutions to the quasilinear elliptic problem (P ε ), in the spirit of [3] , taking advance of the new approach introduced in the recent paper [10] .
We make the following assumptions on the nonlinear term: 
In our work, following the ideas in [3] , we obtain a first topological result, which correlates the topological properties of the domain and the number of solutions of (P ε ), counted with their multiplicities.
. There exists ε * > 0 such that, for any ε ∈ ]0, ε * [, (P ε ) has at least 2P 1 (Ω) − 1 solutions, possibly counted with their multiplicities. Theorem 1.1 does not assure the existence of 2P 1 (Ω) − 1 distinct solutions. In order to improve this result trying to resolve possible solutions whose multiplicity is greater than 1 we build suitable approximations of I ε (corresponding to approximations of problem (P ε )) for which we are able to develop a local Morse theory.
We underline that the variational framework of the quasilinear problem (P ε ) is the Banach space W 1,p 0 (Ω), which is not Hilbert for p = 2. A lot of difficulties arise in order to relate Hessian notions to topological objects (cf. [5, 10, 27] ).
Firstly all the solutions of (P ε ) are degenerate in the classic sense, since W 1,p 0 (Ω) is not isomorphic to its dual space (cf. [14] ) and the second derivatives of the Euler functional associated to (P ε )
is not Fredholm.
In this context we can not apply the perturbation results in [22] , because they rely on an infinite dimensional version of Sard's Theorem, due to Smale [23] , so that they require the Fredholm properties of the second derivatives in the critical points.
Following the approach introduced in [13] , we introduce the following weaker notion of nondegeneracy. We remark that the above notion of nondegeneracy coincides with the usual one if the space is Hilbert and the operator is Fredholm.
Using the nondegeneracy condition, we prove the following perturbation result.
In what follows, we say that ∂Ω satisfies the interior sphere condition if for each 
has at least 2P 1 (Ω) − 1 distinct solutions, for n large enough. In particular, if p = 2, the statement holds also if α n 0.
The strength of our approach consists in the fact that it allows to give an interpretation of multiplicity of a critical point of (P ε ), in terms of the positive distinct solutions of a new differential problem. This fact is new even for p = 2 (cf. [3] ).
The proofs of these theorems rely on the construction of a functional, approximating the Euler functional I ε , associated to (P ε ), having only nondegenerate critical points in the sense introduced in Definition 1.2. For nondegenerate critical points of the approximating functional, we can apply the critical group estimates in [10] so that the multiplicity of a nondegenerate critical point is exactly one. By Theorem 2.7 it follows that the Morse polynomial of I ε can be computed like the sum of the Morse polynomials of the approximating functional in each critical point and a partially controlled remainder term.
Finally we mention that in [1] , using Ljusternik-Schnirelman category, Alves has proved the existence of cat(Ω) solutions to (P ε ). In this paper, differently from the critical case [13] , where (P.S.) fails, Morse techniques allow us to prove also the existence of positive solutions having higher energy than the limit equation and to improve the multiplicity result in [1] . Perturbation results in Morse theory for quasilinear problem having a right-hand side subcritically at infinity have been obtained in [9, 12] (see also [8, 15] ).
Some abstract recalls in Morse theory
We need to recall some useful definitions and results (cf. [6, 7, 24] ). Definition 2.1. Let X be a Banach space and f be a C 1 functional on X . Let C be a closed subset
We say that f satisfies (P.S.) on C if any Palais-Smale sequence in C has a strongly convergent subsequence.
Let c ∈ R. We say that f satisfies (P.S.) c if any sequence (u n ) in X , such that f (u n ) → c and f (u n ) → 0 as n → +∞, has a strongly convergent subsequence. 
Definition 2.4. Let X be a Banach space and f be a C 1 functional on X . Let K be a field. Let u be a critical point of f , c = f (u), and U be a neighborhood of u. We call
stands for the q-th Alexander-Spanier cohomology group of the pair (A, B) with coefficients in K. By the excision property of the singular cohomology theory the critical groups do not depend on a special choice of the neighborhood U . Definition 2.5. We denote P t ( f , u) the Morse polynomial of f in u, defined by
We call the multiplicity of u the number 
where Q (t) is a formal series with coefficients in N ∪ {+∞}.
We point out that the above series are formal, as (2.1) means that the coefficients (possibly +∞)
of each t q are the same on both sides of the equality.
In order to obtain a multiplicity result of solutions to problem (P ε ) via Morse relations, we recall an abstract theorem, proved in [9] (see also [2] and [6] ). Then there exists μ > 0 such that, for any g ∈ C 1 (A, R) such that
The limit equation
Assume that N > p and 2 < p < p * , p * = pN/(N − p). Standard arguments prove that the solutions of (P ε ) correspond to the critical points of the
Denoting by
we introduce the Nehari manifold
From now on, · denotes the usual norm in W
Furthermore there exist σ ε > 0 and K ε > 0 such that for any u ∈ Σ ε (Ω)
Proof. We can argue as in Lemmas 2.1, 2.2 in [3] . Firstly, we notice that for any u ∈ Σ ε (Ω), we have
Moreover by ( f 4 ), we deduce that there exists C > 0 such that
and 0 is a local minimum for I ε (u). Moreover, each nontrivial critical point of I ε is a nonnegative function which belongs to Σ ε (Ω).
By standard arguments, we have that the Palais-Smale condition holds both for the free functional I ε and the functional constrained to Σ ε (Ω). Precisely, the following lemma holds.
Lemma 3.2.
•
u is a critical point of I ε if and only if u is a critical point of I ε on Σ ε (Ω).
• (I ε ) satisfies (P.S.) c for all c.
• (I ε ) |Σ ε (Ω) satisfies (P.S.) c for all c.
We notice that if Ω = B r (y), the number m(ε, B r (y)) does not depend on y, so we set
It is trivial that if 0 < r 1 < r 2 , then m(ε, r 2 ) < m(ε, r 1 ).
Moreover for any ε > 0 we set
and the associated Nehari manifold
Proof. Let us call u + (x) = max{u(x), 0} and v(x) = t * u + (x) where t * is the unique positive number such that t * u + ∈ Σ(R N ). As u and v are in Σ(R N ), we see that
Nevertheless the (P.S.) condition fails for J , we have the following result (see [16, 17] ). Proof. We can consider the subspace W
We can assume that u 0, since we can replace u by v of Lemma 3.3 without increasing J . Now let us consider u * the Schwartz symmetrized function about the origin of u and set ω = t * u * where t * is the unique positive number such that t * u * ∈ Σ(R N ). ω is spherically nonincreasing and using the Riesz inequality we derive
From Theorem 1.9 in [16] (see [4] for p = 2) we derive (3.5). 2
For any ε > 0, the functions ω ε (x) = ω( x ε ) satisfy the following equation:
Using the exponentially decay of ω and its derivatives, and arguing as in Lemma 3. 
Proof. Taking into account Lemma 3.3, we can assume that u n 0. Since u n is bounded, we have that u n → u weakly, up to subsequences. We have cases: u = 0 and u = 0.
• We suppose u = 0. By Ekeland Principle, we can assume that there exists a sequence γ n such that
Testing by u n we derive
We want to prove that γ n → 0. If not, A (u n ), u n → 0 and by This contradicts the fact that u = 0. We deduce that γ n → 0 and then
We conclude that u n → u strongly in
, ω is radial and radially 
by Ekeland Principle, there exists a sequence γ n such that
Testing by v n we derive
v n goes to zero a.e. x ∈ R N and thus v n (x) → 0 a.e. x. This contradicts the fact that v = 0. We deduce that γ n → 0 and then
Arguing as before, we derive that v n converges strongly to v = ω where ω is a positive function, spherically symmetric about the origin and Proof. Arguing by contradiction, we assume that there exist a decreasing sequence ε n → 0 and u n ∈ M ε such that
By Lemma 3.3 we can assume that u n 0. Set v n (x) = u n (ε n x) and A n = A R/ε n ,r/ε n , we have that
As any v n vanishes in B r/ε 1 (0), v n can not strongly converge to ω ∈ Σ(R N ), as in this case we should have J (ω) = m(1, R N ) and ω = 0 in B r/ε 1 (0). Hence, by Theorem 3.6, there exist two sequences w n ∈ W 1,p (R N ) and y n ∈ R N such that w n → 0, |y n | → +∞ and
Since J is rotationally invariant we can assume that y n = (y 1 n , 0, . . . , 0) and y
In particular (4.1) assures that B n = ∅, thus y
which contradicts (4.2). 2
Then it follows that Proof. Assume that there exist ε n → 0 + and u n ∈ Σ ε n (Ω), such that I ε n (u n ) m(ε n , r) and
We begin to notice that by the choice of r > 0,
Moreover x n is a bounded sequence, as
If we fix R > 0 sufficiently large, then Ω ⊂ A R,r,x n and m(R, r, ε n , x n ) m(ε n , r). 
o t h e r w i s e .
Moreover let us define the map
we derive the following result.
Proposition 4.4.
There exists ε * > 0 such that for any Moreover, as Σ ε is contractible, Lemma 4.5 gives also
c ε ) {0} and the exact sequence
(4.7)
For k = 1, 2 we have the exact sequence
We want to prove that i 1 is injective. This is equivalent to show that the dual homomorphism 
(4.9) (4.7), (4.8) and (4.9) can be written as
which, together to (4.5), proves (4.6). 2
Proof of Theorem 1.1. Choosing ε * as required by Proposition 4.6, the proof comes from (2.1), (4.5) and (4.6). In particular, denoting by m(u) the multiplicity of any critical point u of I ε (see Definition 2.5), we get
where Q − (t) and Q + (t) are suitable formal series with coefficients in N ∪ {+∞}. 2
Morse theory and interpretation of multiplicity
In what follows we assume that p 2, so that I ε is a C 2 functional. Furthermore, for any α 0 we introduce the C
Moreover, for any f ∈ C 1 (Ω) and α 0 we define
We remark that, for any bounded subset A of W
Now we state two results concerning critical groups computation via Morse index. For the proof we refer the reader to Theorems 1.1 and 1.2 of [10] (see also [11, 20] ). Denoting by K i = {u ∈ U i : J n (u) = 0}, we will see that any u ∈ K i is nondegenerate, hence, by Theo- 
